Abstract. Recent progress building on the groundbreaking work of Mabillard and Wagner has shown that there are important differences between the affine and continuous theory for 
Introduction
A simplicial complex K that admits a continuous embedding into R d is not necessarily embeddable into R d in a facewise affine way. Brehm [10] found a triangulation of the Möbius strip that cannot be affinely embedded into R
3
. Bokowski and Guedes de Oliveira [9] showed that there is a triangulation of the orientable surface of genus six that does not admit a facewise affine embedding into R
. Later Schewe [28] found a triangulation of the orientable genus-five surface that cannot be embedded into R 3 with affine faces.
Tverberg-type theory is a natural generalization of the theory of embeddings of simplicial complexes, where now one is more generally interested in the intersection pattern of images of pairwise disjoint faces in a simplicial complex when mapped, either affinely or continuously, to Euclidean space. In addition to 2-fold intersections, as in the case of embeddings, one also strives to understand r-fold intersections among pairwise disjoint faces. In this generalized setting one encounters surprising phenomena:
1. we have to distinguish between affine and continuous maps even for simplices; 2. and this distinction between the affine and continuous theory depends on divisibility properties of the intersection multiplicity.
Tverberg [31] showed that any affine map ∆ (r−1)(d+1) −→ R to R d has a point of r-fold coincidence among its pairwise disjoint faces. The faces involved in this intersection form a Tverberg partition for f . Tverberg's theorem remains true for continuous maps if r is a power of a prime, see Bárány, Shlosman, and Szűcs [3] , and Özaydin [22] , but is false if r has at least two distinct prime divisors, as was shown in [7, 15] building on work of Mabillard and Wagner [20] . Also see the recent survey by Bárány, Blagojević, and Ziegler [2] . Here we show -for the first time -that a qualitative difference between the affine and continuous theory for Tverberg-type results persists asymptotically, for arbitrarily large complexes and fixed dimension.
Our deductions do not depend on the technical work of Mabillard and Wagner, but are significantly more elementary. We exhibit an affine-continuous dichotomy for any intersection multiplicity r ≥ 3, independent of divisibility properties of r, and our examples are low-dimensional: we construct maps to R Theorem. The AP conjecture fails for any r ≥ 3, already in dimension d = 3.
The AP conjecture holds for r = 2; see [7, Thm. 6.8] . If we require the map f : ∆ −→ R d above to be affine, we get an affine version of the AP conjecture, where we do not need to require that r be a power of a prime. Unlike its continuous relaxation we can show that this affine AP conjecture is true in R Here we collect additional results of this manuscript and where to find them:
• We give a new short and elementary proof of the balanced case of the AP conjecture, which was recently proven in a sequence of two papers by Jojić, Vrećica, and Živaljević [18, 17] ; see Theorem 2.12. This solves a problem raised in [18] on whether the balanced AP Conjecture can be proven by "indirect methods".
• We show that the dimensions that must occur for Tverberg partitions for any continuous map
from a sufficiently large simplex ∆ are different from those dimensions that must occur for affine maps; see Corollary 2.9. A class of examples of dimensions that must occur for affine maps was recently found by Bukh, Loh, and Nivasch [11] .
• In fact, Bukh, Loh, and Nivasch prove special cases of a conjecture (Conjecture 2.3) that gives an asymptotic characterization of all affine Tverberg partitions based on order types. Pór [24] announced a proof of the full conjecture, and this implies the affine version of the AP conjecture in full generality; see Theorem 2.7. Thus the topological analog of Conjecture 2.3 must fail; see Corollary 2.9.
• We use our geometric constructions to show that certain symmetric multiple chessboard complexes are not shellable; see Theorem 3.4. In particular, geometric constructions of maps to R d can be used as obstructions to the shellability of symmetric simplicial complexes.
• We extend a result of Soberón [30] on Tverberg partitions where the points of coincidence have equal barycentric coordinates to an orbit-collapsing result; see Theorem 4.1. This solves a problem raised by Soberón [30, Section 4] .
• We remark that this orbit-collapsing result has a topological analog if the intersection multiplicity r is a prime -see Theorem 4.4 -and fails otherwise; see Theorem 4.5.
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The Tverberg admissible-prescribable problem
Given 2d + 3 points in R 2d there are two disjoint subsets of at most d + 1 points each such that their convex hulls intersect. The original proofs of this result due to Van Kampen [32] and independently
Flores [14] are topological and lead to the following topological generalization: let f : ∆ 2d+2 −→ R 2d be continuous; then there are two disjoint d-dimensional faces σ 1 and σ 2 of ∆ 2d+2 such that f (σ 1 )∩f (σ 2 ) = ∅.
The case d = 1 gives that the complete graph K 5 is nonplanar, and is actually equivalent to it because of the Hanani-Tutte theorem. This higher-dimensional analog of the nonplanarity of K 5 has a generalization to r-fold intersections. Perhaps surprisingly, this generalization holds if and only if r is a power of a prime. More precisely, Sarkaria [26] for primes r and Volovikov [34] in the general case that r is a power of a prime proved that for any continuous map f :
That this result fails for any r with at least two distinct prime divisors follows by combining the work of Mabillard and
Wagner [20] with Özaydin's [22] ; see [7] . The affine version of this result, that is, the statement that for any (r − 1)(rd + 2) + 1 points X ⊆ R rd there are pairwise disjoint subsets X 1 , . . . , X r ⊆ X with In [39] and in [6] 
The AP conjecture and its affine relative have recently received the attention of several authors:
Before the conjecture was formulated Sarkaria [26] and Volovikov [34] showed the AP Conjecture holds
Slight extensions of this are contained in [6] . Jojić, Vrećica, and Živaljević [18, 17] proved the balanced case of the AP conjecture in a series of two technical papers; here a Tverberg admissible r-tuple
for all i and j. We will give a new and simple proof of the balanced case of the AP Conjecture; see Theorem 2.12. The affine AP conjecture was implicitly treated by Bukh, Loh, and Nivasch [11] . As a corollary we will obtain here that Conjecture 2. 
We say that a partition
if there is a subsequence x i1 , . . . , x in of length n = (r − 1)(d + 1) + 1 such that the sets We will show that a topological generalization of this conjecture fails; see Corollary 2.9. Pór [24] recently announced a proof of this conjecture. Here a point set is generic if it is not in the zero set of a finite family of polynomials that express certain geometric predicates; see [11] for details. It will only be important for us that these generic point sets are dense in the space of all point sets. Thus by a standard limiting argument it suffices to prove results for these generic point sets. Bukh, Loh, and Nivasch settle certain special cases of Conjecture 2.3: 2, 2, 3 , . . . , 3). It is not too difficult to see from [11] and [17] reasons. This intersection can thus not disappear in the limit, while the point of intersection might lie in a face of lower dimension. This is not a problem as we can always add points to such a face, while keeping all faces vertex-disjoint. Thus the r-tuple (1, 2, 3 , . . . , 3) is affinely Tverberg prescribable. The same reasoning shows that (1, 1, 2, . . . , 2) is affinely Tverberg prescribable in dimension d = 2. The rtuple (2, 2, 2, 3, . . . , 3) is balanced and thus Tverberg prescribable provided that r is a prime power, even for general continuous maps, by a result of Jojić, Vrećica, and Živaljević [17] . We give a significantly simplified proof of that result; see Theorem 2.12. Note that it is sufficient to prove that the r-tuple (2, 2, 2, 3, . . . , 3) is Tverberg prescribable for arbitrarily large r, since we can just forget about faces.
We remark that while Theorem 2.4 is asymptotic with bounds for the size of the required point set that are potentially far from optimal, Theorem 2.12 gives that any balanced Tverberg admissible r-tuple is Tverberg prescribable already for point sets of size at least (r − 1)(d + 2) + 1, and this number is known to be optimal. 
Thus the minimal supporting faces of the points x 1 , . . . , x r determine r pairwise disjoint faces in
that have a common point of intersection under g. By strong general position we have the bound for all i and j. Jojić, Vrećica, and Živaljević [18, 17] showed recently in a series of two technical papers that for r a power of a prime every balanced Tverberg admissible r-tuple is Tverberg prescribable. Here we want to give short and simple proof of this result inspired by the papers of Sarkaria [25, 26] .
, that is, σ 1 * · · · * σ r is a face of Σ k1,...,kr N +1,r if and only if the σ i are pairwise disjoint faces of ∆ N such that dim σ i ≤ k π(i) −1 for some permutation π ∈ S r that is independent of i. These symmetric multiple chessboard complexes were introduced and studied by Jojić, Vrećica, and Živaljević, since they are the appropriate configuration space for the AP conjecture. They are S r -invariant subcomplexes of (∆ N ) * r ∆ , the r-fold deleted join of ∆ N , that contains a join σ 1 * · · · * σ r of faces σ i of ∆ N whenever the σ i are pairwise disjoint. In general, K * r ∆ denotes the r-fold deleted join of the simplicial complex K. Denote by W r = {(y 1 , . . . , y r ) ∈ R r | y i = 0} the standard representation of the symmetric group S r . We refer to Matoušek [21] for further details and notation. The balanced case of the AP conjecture will easily follow from the lemma below that can be seen as lifting the "constraint method" of Blagojević, Ziegler, and the author [6] to the associated configuration space. This yields reasoning similar to that employed by Sarkaria [25, 26] in earlier papers. r are not contained in K, each row either contains an entry that is at least k + 2 or at least r − t + 1 entries equal to k + 1.
This leads to a contradiction; such a matrix does not exist. If the first row contains an entry that is at least k + 2, then the last row has all entries ≥ k + 2. If the first row contains r − t + 1 entires equal to k + 1, then the last row has all entries ≥ k + 1 and r − t entries ≥ k + 2. In either case the sum of the last row is at least d i + 1 = (r − 1)(d + 1) + 1, which is a contradiction.
As an example consider why Σ Lemma 2.11 (Özaydin [22] ). Let r be a power of a prime, d ≥ 1 an integer, and N ≥ (r − 1)(d + 2).
Then there is no
We can use Lemma 2.11 as a "blackbox result" and the map whose existence is guaranteed by Lemma 2.10 acts as a constraint function. The balanced case of the AP conjecture easily follows. In addition to providing a significantly simplified approach to this result, our proof shows that the "indirect methods", compare Jojić, Vrećica, and Živaljević [17, Section 1.2], are sufficiently strong to prove the balanced case of the AP conjecture, which settles a problem raised in [17] . Very general Tverberg-type results that can be deduced from indirect methods can be found in [16] . 
. This is because a point we obtain an S r -map (∆ N ) * r
) that avoids the origin. Radially projecting to the unit sphere yields a contradiction to Lemma 2.11.
For every r ≥ 2 there is at least one Tverberg admissible r-tuple that is Tverberg prescribable:
Proof. Let q ≥ r be a prime power. By Theorem 2.12 the q-tuple (d − 1, . . . , d − 1, d, . . . , d) that contains d times the entry d − 1 is Tverberg prescribable. We can disregard the last q − r faces.
We remark that for r not a prime power even constant r-tuples need not be Tverberg prescribable; see [7, Theorem 4 .2].
Connectivity bounds for symmetric multiple chessboard complexes
Here we show how our geometric constructions of the previous section provide connectivity bounds from above for certain natural symmetric simplicial complexes -symmetric multiple chessboard complexes. For positive integers n and m the simplicial complexes ∆(m, n) = [m] * n ∆ = ∆(n, m), that is, the n-fold deleted join of a set of m discrete points, are called chessboard complexes; ∆(m, n) is the matching complex of the complete graph K m,n , that is, the vertices are in bijective correspondence with the edges of K m,n and faces consist of sets of edges that do not share vertices. Another description identifies the faces with the positions on an m-by-n chessboard, and faces consist of all non-taking rook placements on the chessboard. These complexes naturally appear in the investigation of several algebraic and combinatorial problems and thus their combinatorial and topological properties have been of major interest; see Jonsson [19] and Wachs [37] for an overview of the vast literature. Here we mention in particular lower bounds for the connectivity of chessboard complexes due to Björner, Lovász, Vrećica, and Živaljević [5] , upper bounds for their connectivity due to Shareshian and Wachs [29] , and their shellability for those parameters where they are maximally connected due to Ziegler [38] .
Chessboard complexes are the appropriate configuration spaces for several Tverberg-type problems; see in particular Vrećica and Živaljević [40, 36, 35] and Blagojević, Matschke, and Ziegler [8] . A natural generalization of chessboard complexes that arises naturally for Tverberg-type results was studied by Jojić, Vrećica, and Živaljević [17] : the multiple chessboard complex ∆ In a subsequent paper Jojić, Vrećica, and Živaljević [17] had the insight that the balanced case of the AP conjecture for prime powers r can be resolved by extending (for specific instances) the shelling order to a symmetrized version of ∆ Jojić, Vrećica, and Živaljević do not address the question whether it is necessary for the shellability of Σ k1,...,kn m,n that (k 1 , . . . , k n ) is balanced. Here we show that if a sequence is sufficiently far from balanced, shellability fails. We establish this non-shellability result as a consequence of the continuous maps constructed in Theorem 2.8. In particular, Tverberg-type intersection results and intersection patterns of convex hulls in Euclidean space may be used to find obstructions for the shellability (and upper bounds for the connectivity) of certain symmetric simplicial complexes. We will need the following lemma. 
is empty. Then, as in the proof of Theorem 2.12, the S r -equivariant map (∆ n−1 ) * r We present a simple construction that exhibits a Tverberg-type result that holds in the affine setting for any intersection multiplicity and has a continuous relaxation if and only if the intersection multiplicity is a prime. The affine version is an extension of a result of Soberón [30] . To state Soberón's result we need the following definition: a point x ∈ [r] * n can be written as
λ i ≥ 0, and λ i = 1; given a second point y = λ 1 y 1 + · · · + λ n y n with the same coefficients but perhaps different y i ∈ [r], we say that x and y have equal barycentric coordinates. 
We have the following isomorphisms of simplicial complexes [r]
is the configuration space for Tverberg's theorem. Soberón asked whether there is a topological relaxation of his result. Such a continuous generalization for r a power of a prime was proven in [6] . Moreover the proof method in the same way yields a new proof of Theorem 4.1 by reducing it to Tverberg's theorem. Here we first extend Theorem 4.1 and then show that this extension has a topological generalization if and only if the intersection multiplicity r is a prime. We interpret Theorem 4.1 as an approximation of an affine version of Bourgin-Yang orbit collapsing results; for rather general such theorems see Fadell and Husseini [13] . In particular, our topological generalization, Theorem 4.4, also readily follows from the methods developed there. Our affine version is an orbit collapsing result that can be deduced from Sarkaria's linear Borsuk-Ulam theorem [27] , which itself is a corollary of Bárány's colorful Carathéodory theorem [1] . Instead, for ease of exposition, we will directly deduce the affine version from the colorful Carathéodory theorem, which states that if X 0 , . . . , Proof. Let t ∈ Z/r be a generator. Define
We need to show that the image of F intersects the diagonal Lemma 4.3 (Dold [12] ). Let a non-trivial finite group G act on an n-connected CW-complex K and act linearly on an (n + 1)-dimensional real vector space V . Suppose that the action of G on V \ {0} is free.
Then any G-equivariant map K −→ V has a zero. In fact, in a similar way one can prove strengthenings of Theorem 4.4: let C 2r be a circle on 2r vertices, and let t be a generator of Z/r. Define a Z/r-action on C 2r by t rotating the circle by two vertices, so that there are two disjoint orbits of vertices. Then C 2r equivariantly embeds into [r] * 2
. Now suppose that n ≥ (r − 1)d for some prime r and that n + 1 is even, say n + 1 = 2k. Then C * k 2r is a subcomplex of [r] * (n+1)
, which is a proper subcomplex for r ≥ 3. Now since C * k 2r is homeomorphic to S That Theorem 4.4 does not hold for composite numbers r is a simple consequence of the existence of certain equivariant maps -first constructed by Özaydin [22] . He showed that for composite r and n ≤ (r − 1)d there exists a Z/r-equivariant map (∆ n ) * r ∆ ∼ = [r] * (n+1) −→ S(W ⊕d r ). This was recently extended to arbitrary n by Basu and Ghosh [4] provided that r is not a power of a prime. [7, Section 5] . Thus the theorem above also holds in those situations.
